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Abstract Recently, Pani, Sotiriou, and Vernieri ex-
plored a new theory of gravity by adding nondynamical
fields, i.e., gravity with auxiliary fields [Phys. Rev. D 88,
121502(R) (2013)]. In this gravity theory, higher-order
derivatives of matter fields generically appear in the
field equations. In this paper we extend this theory to
any dimensions and discuss the thick braneworld model
in five dimensions. Domain wall solutions are obtained
numerically. The stability of the brane system under
the tensor perturbation is analyzed. We find that the
system is stable under the tensor perturbation and the
gravity zero mode is localized on the brane. Therefore,
the four-dimensional Newtonian potential can be real-
ized on the brane.
Keywords Brane world · Modified theories of gravity
1 Introduction
In order to solve the problems such as singularity, non-
renormalizability, dark energy, and dark matter in gen-
eral relativity, modified gravity theories have been pre-
sented and investigated. For recent reviews of modi-
fied gravities and related topics, see Refs. [1,2,3]. One
of such modifications studied extensively is the Pala-
tini extension of the modified gravity. For the Einstein-
Hilbert action, the Palatini theory is the same as the
original metric theory. But if the action differs from
the Einstein-Hilbert action, one usually gets a different
gravity theory. Palatini f(R) [4], Eddington-inspired
Born-Infeld (EiBI)[5], and Born-Infeld-f(R) [6] gravi-
ties are known such theories. Interestingly, it was found
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that the EiBI gravity is identical to a bimetric gravity
with an auxiliary field [7]. These theories can be consid-
ered as adding auxiliary fields to the action, and attract
much attention in recent years. Besides, adding aux-
iliary fields is always helpful to construct Lagrangian
formalism of some theories.
Recently, Pani, Sotiriou, and Vernieri suggested a
new gravity theory that modifies general relativity by
adding nondynamical auxiliary fields [8]. This theory
satisfies the weak equivalence principle and the corre-
sponding modified Einstein equations contain higher-
order derivatives of the matter fields. Although the de-
tails of the nature of the auxiliary fields and the way
they enter to the action are unclear, this work provides
a generic framework to study the phenomena and obser-
vational constrains of the gravity theory with auxiliary
fields. This theory is determined by only two parame-
ters up to the next to leading order in the derivative
expansion [8]. And in some approximations, EiBI and
Palatini f(R) gravities correspond to the special cases
of the theory. For gravity with tensor auxiliary fields,
see a subsequent note by Ban˜ados and Cohen [9].
On the other hand, the extra dimension theory gives
a new view of our universe, and opens a new way to
solve the gauge hierarchy and cosmology problems. One
of the famous models of this theory is the Randall-
Sundrum (RS) braneworld model [10,11], which is con-
sidered in general relativity. It provides the theoreti-
cal predictions of extra dimension effects, which may
be detected in future experiments and observations.
Along with the progress in the modified gravity and the
braneworld models, there are many efforts to put to the
braneworld model in modified gravities [16,17,18,19,
20,21,22,23,24,?,26,27,28,29,30,31,32,33,34,35,36]. In
this paper, we will apply the gravity theory with auxil-
iary fields to braneworld model and investigate the de-
2formation and stability problems of the brane system.
We wish this work will shed light on future studies of
applying certain gravity theory with auxiliary fields to
braneworld models.
For a thin brane model, the energy-momentum ten-
sor of the brane is a delta function of the extra di-
mension. In the original RS model, the field equations
are second order and hence the thickness of the brane
can be neglected. However, if a gravity theory contains
higher-order derivatives of matter fields, such as the
gravity theory with auxiliary fields, it is very hard to
solve the field equations for a thin brane model. On the
other hand, the thick brane model, which can be used
to study the inner structure of the brane, is a nature
extension of the RS model [12,13,14]. The brane con-
figuration is usually generated by a smooth scalar field
which connects two nontrivial vacua [15]. So the energy
momentum tensor of the matter field is a smooth func-
tion of the extra dimension and it is convenient to apply
to the gravity theory with auxiliary fields.
Theoretically, the important problems in a braneworld
model include the stability problem and the localization
of the massless graviton on the brane, which are es-
sential to recover the effective four-dimensional Newto-
nian potential on the brane. Experimentally, the inter-
est mainly focuses on the phenomenology of braneworld
models, such as the deviation from the Newton poten-
tial caused by the massive Kaluza-Klein (KK) gravi-
tons, and the high-energy particle scattering process
involving KK particles. However, the spectrum of the
gravity KK modes is determined by the brane configu-
ration, which depends on the braneworld model. In this
paper, we study the braneworld model in the new grav-
ity theory with auxiliary fields. We find that domain
wall solution is supported in this theory. The brane
system is stable under the tensor perturbation, and the
massless graviton is localized on the brane. Further-
more, we also find some new phenomena that do not
appear in general relativity.
2 Brane model with auxiliary fields and
numerical solutions
Following Ref. [8], we start with the gravity theory with
auxiliary fields in the level of the equations of motion
in D-dimensional spacetime,
RAB − 1
2
RgAB = TAB + SAB[TCD, gCD], (1)
where the tensor SAB is constructed from the energy-
momentum tensor TAB. We use A, B, C, · · · to de-
note the bulk index 0, 1, 2, · · · , D−1. To keep the weak
equivalence principle, we need ∇ATAB = 0. Then the
Bianchi identity implies ∇ASAB = 0. Besides, the ten-
sor SAB should vanish when TAB = 0. As the matter
field equations are unchanged, it is hard to construct
the Lagrangian for the matter part.
Generally, the energy-momentum tensor TAB for scalar
fields contains second derivatives, so the most general
form of SAB up to fourth order in derivatives is [8]
SAB = α1gABT
+α2gABT
2 + α3TTAB + α4gABTCDT
CD
+α5T
C
ATCB + β1∇A∇BT + β2gABT
+β3TAB + 2β4∇C∇(ATB)C + · · · , (2)
where T = gABTAB, and the possible terms containing
the Levi-Civita tensor are not considered because they
would violate parity. The requirement ∇ASAB = 0 im-
poses some relations between the coefficients αi and βi,
which will be determined by the perturbation method.
Using the following relations [8]
(∇B −∇B)T = RAB∇AT, (3)(∇A∇C∇A −∇C)TCB = RABCD∇DTCA, (4)
∇ARABCD = 2∇[CRD]B, (5)
and the lowest-order equations RAB− 12RgAB = TAB+
α1TgAB, the higher derivatives in ∇ASAB = 0 can be
eliminated and the relations between the coefficients αi
and βi turn out to be
α1=0, α2 =
β1 − β4
2(D − 2) , α3 =
2β4
D − 2 − β1, (6a)
α4=
1
2
β4, α5 = −2β4, β2 = −β1, β3 = −β4. (6b)
The above results are a generalization of Ref. [8] for
Λ = 0 in D-dimensional spacetime. So there are only
two free parameters β1 and β4. Note that the field equa-
tions (1)-(2) and the above relations are meaningful
only within a derivative expansion which is truncated
to some order because they are determined by the per-
turbation method. Likewise, the tensor SAB is diver-
genceless (∇ASAB = 0) only to the same order in the
derivative expansion, and quantitative results can be
derived to a given order in such expansion.
In this paper, we investigate the thick brane model
in the above gravity theory with auxiliary fields in five-
dimensional spacetime (D = 5). The metric for a flat
brane is assumed as
ds2 = gABdx
AdxB = a2(z)(ηµνdx
µdxν + dz2), (7)
where µ, ν denote the brane coordinate indices 0, 1, 2, 3,
ηµν = diag(−,+,+,+), z is the extra dimension coor-
dinate, and a2(z) = e2A(z) is the warp factor.
In our brane model, the brane is generated by a
background scalar field φ with the Lagrangian density
3Lφ = − 12∂Aφ∂Aφ−V (φ). Hence, the energy-momentum
tensor takes the form:
TAB = ∂Aφ∂Bφ− 1
2
gAB∂Cφ∂
Cφ− gABV (φ), (8)
where the scalar field φ = φ(z) is a function of z for
a static brane solution. The equation of motion for the
scalar field is given by
V ′ = e−2A(φ′′ + 3A′φ′)φ′, (9)
where the prime denotes the derivative respect to the
extra dimension coordinate z.
The µµ and 55 components of the Einstein equa-
tions take the form
uV 2 + fV + g = 0, (10)
uV 2 + hV + s = 0, (11)
where u, f , g, h, and s are expressions of A, A′, A′′, φ,
φ′, φ′′, and φ′′′:
u =
1
6
(5β1 + 2β4)e
2A, (12)
f = e2A+
1
6
(9β1 + 2β4)φ
′2, (13)
g = 3(A′2 +A′′) +
1
2
φ′2 +
1
4
e−2A
[
− 9β4A′2φ′2
+
1
2
(3β1 − 2β4)φ′4 − (17β1 + 5β4)(φ′′2 + φ′φ′′′)
−(3β1 + 7β4)A′′φ′2 − (6β1 + 9β4)A′φ′φ′′
]
, (14)
h = e2A− 1
6
(21β1 + 2β4)φ
′2, (15)
s = 6A′2 − 1
2
φ′2 +
1
4
e−2A
[
− 3(4β1 − 5β4)A′2φ′2
−3
2
(3β1 − 2β4)φ′4 − 3β4(φ′′2 + φ′φ′′′)
+7β4A
′′φ′2 − (68β1 − 3β4)A′φ′φ′′
]
. (16)
In the above equations, we have used the exact expres-
sion of V ′ in Eq. (9) and its derivative to eliminate the
V ′ and V ′′ terms.
Usually, if the Einstein equations are second order
(the case of SMN = 0), one can achieve a topological
nontrivial domain wall solution by introducing a su-
perpotential [12,13,37,38], where the scalar field has a
kink configuration and it connects the two degenerate
vacua of the self-interaction potential V (φ) [39], and
the spacetime is asymptotically anti-de Sitter (AdS) at
the boundary of the extra dimension. But it is hard
to solve the above equations (9)-(11) for a given scalar
potential V (φ) or a given warp factor A(z) even numer-
ically, because of the appearance of higher derivatives
of φ and many nonlinear terms. However, we can also
expect that the spacetime is also asymptotically anti-
de Sitter (AdS) when z → ±∞, for which the scalar
field φ(z) → ±v and hence TMN and SMN vanish at
the boundary. Therefore, for simplicity, we assume that
the scalar field has the following kink configuration [40,
22,32]
φ(z) = v tanh(kz) (17)
and solve numerically the scalar potential and the warp
factor. We will show later that this simple choice leads
to interesting results. In order to guarantee the validity
of the perturbation method, the expansion coefficients
β1 and β4 should be small enough.
-10 -5 0 5 100.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
ãA HzL
-10 -5 0 5 10
-0.2
0.0
0.2
0.4
z
VHzL
-10 -5 0 5 10
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
z
ΡHzL
-4 -2 0 2 4
-0.4
-0.3
-0.2
-0.1
0.0
0.1
z
UHzL
Fig. 1 The shapes of the warp factor A(z), scalar poten-
tial V (φ(z)), energy density ρ(z), and effective potential of
the gravity KK modes U(z) corresponding to the solution
A+(z). The parameters are set to D = 5, k = 1, v = 1,
(β1, β4) = (−0.4,−0.1) (dashing red lines), (−0.2,−0.1)
(thick green lines) and (0.01,−0.1) (thin blue lines).
With the assumption (17) for the scalar field, u,
f , g, h, and s are only functions of A, A′, and A′′.
Subtracting Eq. (10) from Eq. (11) yields the expression
for the potential:
V =
s− g
f − h. (18)
Then, by substituting Eq. (18) into Eq. (10) or (11), we
finally get a second-order ordinary differential equation
for the warp factor A(z):
u(g − s)2 + (f − h)(fs− gh) = 0, (19)
which can be solved numerically by introducing the
boundary conditions A(0) = A′(0) = 0.
It is know that there is only one brane solution in
general relativity for a given scalar potential or scalar
field. For our brane model with auxiliary fields, there
are two brane solutions for a given scalar field. This can
be seen clearly by writing the algebra equation of A′′(0)
from Eq. (19):
c2A
′′(0)2 + c1A
′′(0) + c0 = 0. (20)
Here ci are coefficients that consist of k, v, β1, and β4,
and it is not necessary to list their complex expressions
4here. We set k = v = 1 in the numerical calculation.
For most sets of (β1, β4), Eq. (20) gives two solutions:
A′′±(0) =
−c1 ±
√
c21 − 4c2c0
2c2
. (21)
We denote their corresponding warp factors as A+(z)
(Fig. 1) and A−(z) (Fig. 2), respectively. Figure 3 shows
the dependence of A′′+(0) and A
′′
−(0) on (β1, β4), where
the meaning of each region is listed as follows:
Region I: c21 − 4c2c0 < 0, there is no solution.
Region II: A′′(0) < 0.
Region III: A′′(0) > 0.
The warp factor related to region II is an ordinary
solution with A′′(0) < 0. However, the warp factor re-
lated to region III is a deformed solution with A′′(0) >
0. We cannot identify whether the solutions correspond-
ing to the points in regions II and III are physical until
we numerically calculate their asymptotical behaviors.
The physical solutions are those satisfying e2A(|z|→∞) →
0 because they will guarantee the localization of the
four-dimensional massless graviton (the gravity zero mode).
In some regions we get two physical solutions as shown
in Fig. 4. This is very different from brane models in
general relativity.
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Fig. 2 The shapes of A(z), V (φ(z)), ρ(z), and U(z) cor-
responding to A−(z). The parameters are set to D = 5,
k = 1, v = 1, (β1, β4) = (0.1,−0.05) (dashing red lines),
(0.08,−0.05) (thick green lines) and (0.05,−0.05) (thin blue
lines).
It can be seen from Fig. 1 that even though we
choose a kink solution φ = v tanh(kz), the warp factor
A(z) may have an interesting behavior with A′′(0) ≥ 0
as in the double kink solution in some other modi-
fied gravity theories [29,32]. This deformed warp factor
may give some interesting phenomena like resonant KK
modes of gravity or scalar field.
Finally, we can get the scalar potential V (φ(z)) in
the z coordinate though Eq. (18) and the energy density
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
Β1
Β
4
I
I
I
II
IIIIII
III
(a) A′′+(0)
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
Β1
Β
4
I
I
I
II III
III
(b) A′′
−
(0)
Fig. 3 The dependence of A′′+(0) and A
′′
−
(0) on (β1, β4).
Region I: there is no solution. Region II: A′′(0) < 0. Region
III: A′′(0) > 0. The parameters are set to D = 5, k = 1 and
v = 1.
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Fig. 4 The two solutions of A(z), V (φ(z)), ρ(z), and U(z)
for a set of parameters (β1, β4) = (0.03,−0.2). Dashing red
lines correspond to A+(z), and thick green lines correspond
to A−(z). The other parameters are set to D = 5, k = 1 and
v = 1.
for a static observer UA = (e−A(z), 0, 0, 0, 0):
ρ(z) = TABU
AUB =
1
2
e−2Aφ′2(z) + V (φ(z)). (22)
Figures 1, 2, and 4 show numerical results of the warp
factor A(z), scalar potential V (φ(z)), energy density
ρ(z), and Schro¨dinger-like potential U(z) of the gravita-
tional KK modes for some sets of (β1, β4). As shown in
these figures, even though the deformation of the warp
factor does not effect the energy density (no brane split-
ting phenomenon), it indeed results in the deformation
of the effective potential of the gravitational KK modes.
So we may get some new effects on the localization of
the matters or gravity [41] in these cases.
In next section, we mainly focus on the stability of
the gravitational perturbation and localization of grav-
ity zero mode, which are two important issues for a
brane model that should be investigated before consid-
ering their application.
53 Tensor perturbation and localization of
gravity zero mode
Now, we consider the tensor perturbation of the back-
ground metric, which relates to the spin-2 graviton. The
perturbed metric takes as the form
ds2 = a2(z)
[
(ηµν + hµν)dx
µdxν + dz2
]
, (23)
where the tensor perturbation hµν(x, z) is transverse
and traceless (TT):
∂µhµν = 0 = h
λ
λ. (24)
The indices are raised and lowered by ηµν and ηµν ,
respectively.
For the later convenience, we will discuss some gen-
eral aspects of the tensor perturbation in flat braneworld
model for a general modified gravity. For the metric (7),
the µν components of the modified Einstein equations
give
ηµνΘ[A, φ] = 0. (25)
For our case, Θ[A, φ] is given in Eq. (10), i.e., Θ[A, φ] =
uV 2(φ) + fV (φ) + g. For hµν is TT, its linear pertur-
bation equation must take as
· · ·+ E∂z∂zhµν +B∂zhµν + Chµν = −∂λ∂λhµν , (26)
where the ellipsis denotes the terms involving higher
derivatives of the tensor perturbation, and all the co-
efficients E, B, C are functions of z. In the follow-
ing, we will show that C will vanish on account of
the backgroundmodified Einstein equations (25). There
are some terms that have no contribution to the back-
ground equations, but they contribute to the linear
perturbation equations. For example, the terms ∂zηµν ,
∂z∂zηµν , ∂ληµν in the background equations will give
∂zhµν , ∂z∂zhµν , ∂λhµν in linear perturbation equations,
respectively. But all their contributions only involve in
E, B, ∂λ∂λhµν , and the higher-derivative terms. So fi-
nally, the only term that contributes to Chµν isΘ[A, φ]hµν ,
i.e., C = Θ[A, φ] = 0. It should be pointed out that this
result depends on the specific form of the metric (7) and
the TT conditions of the tensor perturbation (24).
Here, we restrict our interest on the theory involving
derivatives of the tensor perturbation only up to second
order. (For some higher-derivative gravity theories such
as f(R) and EiBI gravities, the tensor perturbation
equation in the braneworld model may be second or-
der [21,22,30].) Thus, the right hand side of Eq. (26) is
the unique term involving four-dimensional derivatives.
Further, with the expansion hµν(x, z) = ǫµνe
−ipxΦ(z)
and p2 = −m2, Eq. (26) gives
E∂z∂zΦ+B∂zΦ = −m2Φ. (27)
With a coordinate transformation
dw =
dz√
E
(28)
and a definition
Q = −1
2
∂wE
E
+
B√
E
, (29)
we have
− ∂w∂wΦ−Q∂wΦ = m2Φ. (30)
Then by defining Φ = GΦ˜, where ∂wG = − 12QG, we
finally arrive at a Schro¨dinger-like equation
− ∂w∂wΦ˜+
(
1
2
∂wQ+
1
4
Q2
)
Φ˜ = m2Φ˜. (31)
It can be written as
(
∂w +
Q
2
)(
−∂w + Q2
)
Φ˜ = m2Φ˜,
which implies that the eigenvalues are nonnegative, i.e.,
m2 ≥ 0. Thus, there is no tachyon state, and the brane
is stable under the tensor perturbation.
For the zero mode with m2 = 0, the Schro¨dinger-
like equation reduces to ∂wΦ˜0 =
Q
2 Φ˜0 and the solution
is
Φ˜0∝e 12
∫
Qdw. (32)
For our model, the functions E and B are turned
out to be
E=1 + 2β4e
−2Aφ′2, (33)
B=(D − 2)A′ + 2
{
β4 [(D − 4)φ′ − 2]A′
−β1 [(D + 1)A′φ′ + φ′′]
}
e−2Aφ′. (34)
Now we investigate the localization of the gravi-
tational zero mode (32). We only need to analyze its
asymptotic behavior at the boundary. With ∂zφ → 0
and V (φ)→ V0 as z →∞, we have
Φ˜0(z →∞)→ e(D−2)A/2. (35)
Then, by a coordinate transformation dydz = e
A from
the conformal coordinate z to the physical coordinate
y, it can be shown that the asymptotic solution of A is
A→ −
√
− 16Λeff |y| with Λeff the effective cosmological
constant. So the integral
∫
Φ˜20dw →
∫
e(D−3)Ady con-
verges if D > 3. So the gravitational zero mode can be
localized on the brane, and hence, this ensures that the
four-dimensional Newtonian potential can be realized
on the brane in the low energy limit.
From the Schro¨dinger-like equation (31), we get the
effective potential for the gravitational KK modes:
U =
1
2
∂wQ+
1
4
Q2. (36)
In the conformal coordinate z, we have from (29) and
(28):
Q(z) =
2B − E′
2
√
E
. (37)
6Then the effective potential (36) can be reexpressed in
the conformal coordinate as
U(z) =
2B′ − E′′
4
+
4B2 − 8BE′ + 3E′2
16E
, (38)
from which it is easy to show that U(z)→ 0 as z →∞.
The numerical results for the effective potential are
shown in Figs. 1, 2, and 4, from which it can seen
that the potential has a shape of volcano and van-
ishes at the boundary of the extra dimension. Thus,
besides the massless bound state, there are continuous
modes, which are nonlocalized massive gravitons. The
four-dimensional gravity potential on the brane is deter-
mined by the interaction between these gravitons and
the matter on the brane [14,39,42,43,44]. The massless
graviton generates the Newtonian potential, while the
massive gravitons result in the correction. The solutions
of the massive KK modes depend on the shape of the
effective potential U(z). From Fig. 1, we can see that
the effective potential U(z) may has one (thick green
line) or three (dashing red line) potential wells when
the warp factor is deformed. From Fig. 2, it can be
seen that U(z) may has one (thick green and thin blue
lines) or two (dashing red line) potential wells when the
warp factor is nondeformed. In these cases, even though
the energy density of the brane does not split, there are
many interesting results related to the deformation of
the effective potential U(z).
4 Conclusion
In this paper, we investigated the thick braneworld model
in gravity with auxiliary fields. By numerically studying
the model with a kink configuration of the scalar field,
we found that the solutions of the brane system with
nondeformed and deformed warp factors even though
the energy density of the brane does not split. This new
phenomenon is connected to the presence of auxiliary
fields. We also gave the parameter spaces corresponding
to these two types of warp factors.
The tensor perturbation of the background metric
of the flat brane system was analyzed. Although the
gravity with auxiliary fields we considered in this pa-
per is a fourth-order derivative theory, the linear equa-
tion of the tensor perturbation is of second order. The
equation of motion of the KK mode of the tensor per-
turbation was turned into a Schro¨dinger-like equation.
The effective potential U(z) has the shape of a volcano
with one or more potential wells, which do not depend
on whether or not the warp factor is deformed. It was
shown that the tensor perturbation of the flat brane
model is stable. The massless mode of the tensor per-
turbation is localized on the brane, while the massive
modes are continuous and nonlocalized. Therefore, the
four-dimensional Newton’s gravity can be realized on
the brane.
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